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Banach frames and atomic decompositions

Given a (Quasi)-Banach space X, and a solid sequence space Yy < C/, we say
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Banach frames and atomic decompositions

Given a (Quasi)-Banach space X, and a solid sequence space Yy < C/, we say

o [=(%)ic; C X* is a Banach frame for X, if the analysis map
Ar i X = Yy, £ ((F,%) x x1)

i€l

is well-defined and bounded, and has a continuous linear left inverse.
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Banach frames and atomic decompositions

Given a (Quasi)-Banach space X, and a solid sequence space Yy < C/, we say

o [=(%)ic; C X* is a Banach frame for X, if the analysis map
Ar: X = Yo £ ((FL 1) xx0)

iel
is well-defined and bounded, and has a continuous linear left inverse.

o [ =(%);c; C X is an atomic decomposition of X, if the synthesis map
Sr : Yd — X?(Ci)iel — ZC,')/,'
iel
is well-defined and bounded, and has a continuous linear right inverse.
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Banach frames and atomic decompositions

Given a (Quasi)-Banach space X, and a solid sequence space Yy < C/, we say

o [=(%)ic; C X* is a Banach frame for X, if the analysis map
Ar i X = Yo, £ = ((F, %) x xr)

iel
is well-defined and bounded, and has a continuous linear left inverse.

o [ =(%);c; C X is an atomic decomposition of X, if the synthesis map
Sr : Yd — X>(Ci)iel — ZC,')/,'
iel
is well-defined and bounded, and has a continuous linear right inverse.

Applications: Sequence spaces are often friendlier than function spaces.
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Banach frames and atomic decompositions

Given a (Quasi)-Banach space X, and a solid sequence space Yy < C/, we say

o [=(%)ic; C X* is a Banach frame for X, if the analysis map
Ar i X = Yo, £ = ((F, %) x xr)

iel
is well-defined and bounded, and has a continuous linear left inverse.

o [ =(%);c; C X is an atomic decomposition of X, if the synthesis map
Sr : Yd — X>(Ci)iel — ZC,'Y,‘
i€l
is well-defined and bounded, and has a continuous linear right inverse.

Applications: Sequence spaces are often friendlier than function spaces.
~+ Use Banach frames and atomic decompositions to study e.g.

o Embeddings,
@ Boundedness of operators,
@ Entropy numbers,

@ Interpolation spaces.
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A Zoo of Banach frame decompositions (BFDs)
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A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:

Felix Voigtlaender Structured Banach frame decompositions of decomposition spaces NPFSA-2017



A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:

@ Wavelet systems are BFDs for Besov- and Triebel-Lizorkin spaces.
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A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:

@ Wavelet systems are BFDs for Besov- and Triebel-Lizorkin spaces.

o Gabor systems are BFDs for Modulation spaces.
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A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:
@ Wavelet systems are BFDs for Besov- and Triebel-Lizorkin spaces.
@ Gabor systems are BFDs for Modulation spaces.

o Tensor products of Wavelet systems are BFDs for spaces of dominating
mixed smoothness.
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A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:
@ Wavelet systems are BFDs for Besov- and Triebel-Lizorkin spaces.
@ Gabor systems are BFDs for Modulation spaces.

@ Tensor products of Wavelet systems are BFDs for spaces of dominating
mixed smoothness.

o Shearlets are BFDs for Shearlet smoothness spaces. (New result!)
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A Zoo of Banach frame decompositions (BFDs)

For many classes of function spaces, BFDs are known:

@ Wavelet systems are BFDs for Besov- and Triebel-Lizorkin spaces.

@ Gabor systems are BFDs for Modulation spaces.

Tensor products of Wavelet systems are BFDs for spaces of dominating
mixed smoothness.

Shearlets are BFDs for Shearlet smoothness spaces. (New result!)

@ BFDs for ai-modulation spaces are also known.
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Existing approaches for constructing BFDs
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Existing approaches for constructing BFDs

@ "By hand.”
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

1

for a suitable solid function space Y < L. .
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

1

for a suitable solid function space Y < L. .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

for a suitable solid function space Y < L] .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.

> Possible problem: One needs a continuous tight frame with X = Co(®;Y).
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

for a suitable solid function space Y < L] .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.

> Possible problem: One needs a continuous tight frame with X = Co(®;Y).
@ “Borup and Nielsen framework’:
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

for a suitable solid function space Y < L] .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.
> Possible problem: One needs a continuous tight frame with X = Co(®;Y).

@ “Borup and Nielsen framework”: Very general result, but either

> resulting frames are not finitely generated, and/or
> frame elements are bandlimited.
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that
X=Co(®;Y):={f:VofeY} with Vof(0)=(f, Qn),

for a suitable solid function space Y < L] .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.
> Possible problem: One needs a continuous tight frame with X = Co(®;Y).

@ “Borup and Nielsen framework”: Very general result, but either

> resulting frames are not finitely generated, and/or
> frame elements are bandlimited.

Still other result: Singly generated, compactly supported, but not very
general (does not apply to ordinary Besov spaces!).
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Existing approaches for constructing BFDs

@ "By hand.”
@ Using coorbit theory:
> Start with continuous tight frame ® = (¢g),cq such that

X=Co(®;Y):={f: VofeY} with Vof(w)=I(f,0u),

for a suitable solid function space Y < L] .

> If ® is “smooth enough”, one can sample @, i.e., (¢u)ycq, is a BFD for
Co(®;Y), for sufficiently dense discrete set Q4 C Q.

> Possible problem: One needs a continuous tight frame with X = Co(®;Y).

@ “Borup and Nielsen framework”: Very general result, but either

> resulting frames are not finitely generated, and/or
> frame elements are bandlimited.

Still other result: Singly generated, compactly supported, but not very
general (does not apply to ordinary Besov spaces!).
@ Our approach:
» single (finitely) generated systems,

> (possibly) compactly supported elements,
> no continuous frame needed,

> very general, but assumptions sometimes painful to check (cf. coorbit theory).
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q+ b;  for a family of affine maps (.o—}- bi )icy» )

and a fixed open, bounded Q c RY.
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We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q+ b;  for a family of affine maps (.o+ bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space
p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.
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We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q+ b;  for a family of affine maps (.o+ bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space
p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Example: Covering Q for Modulation spaces:
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q-l- b;  for a family of affine maps (.o+ bi Jicr )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space
p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Example: Covering for (inhomogeneous) Besov spaces:
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q+ b;  for a family of affine maps (.o+ bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space
p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Example: Covering for shearlet smoothness spaces (image courtesy of Martin Genzel)
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie

( Q; :.Q+ b;  for a family of affine maps (.o+ bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space

p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Given a prototype ¥, Q determines a structured system ré) = (y["*k;‘s])_ | ke where
1rel,ke

y["];:|detT,-|%~Mb. (YO.) and  ylikid] fl_ - 7[]
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie

( Q; :.Q+ b;  for a family of affine maps (.o+ bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space

p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Given a prototype ¥, Q determines a structured system ré) = (y["*k;‘s])_ | ke where
1rel,ke

yl"lzz|detr,-|%.Mbi(yo.) and 'k5]fL8-k7[]

Examples: Gabor systems, wavelet systems, shearlet systems, etc.
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie.,

( Q; :.Q+ b;  for a family of affine maps (.o—l— bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space

p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Given a prototype ¥, Q determines a structured system ré) = (y["*k;‘s])_ | ke where
1rel,ke

yl"lzz|detr,-|%.Mbi(yo.) and 'k3]fL8-k7[]

Note: On the Fourier side, we have

F = |det T V2 L, (?o T,fl) .

Hence, if 7 is concentrated in Q C RY, then 3"7/["7"?5] is concentrated in T;Q+ b; = Q;.
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The talk in one slide

We consider a structured covering Q = (Q;);¢, of the frequency space RY, ie

( Q; :.Q+ b;  for a family of affine maps (.o—l— bi )icy» )

and a fixed open, bounded Q c RY.

Q determines a (Besov-type) decomposition space

p@.g)={e: (15 (@-8)lw ), <0}

for a smooth partition of unity (¢;);, subordinate to Q.

Given a prototype ¥, Q determines a structured system ré) = (y["*k;‘s])_ | ke where
1rel,ke

y["];:|detT,-|%~Mb. (yo.) and  ylikid] fl_ - 7[]

Goal: Find sequence space CJ7 and conditions on y (compatible with compact support)
such that the structured system (%) is a BFD for the decomposition space D (Q,LP,E‘JV).
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Decomposition spaces

Consider structured admissible covering Q = (Q;);, of R¢.
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:

@ each Q; satisfies
Qi=TiQ+b;

for fixed open, bounded base set Q C RY.
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:
@ each Q; satisfies
Qi=TiQ+b;
for fixed open, bounded base set Q C RY.
o additional technical conditions (almost always satisfied in practice).
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:
@ each Q; satisfies
Qi=TiQ+b;
for fixed open, bounded base set Q C RY.
o additional technical conditions (almost always satisfied in practice).

Choose a regular partition of unity ® = (¢;);., subordinate to Q.
0 € CZ(Qi), Xic/ @i =1 and some other technical condition.
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:
@ each Q; satisfies
Qi=TiQ+b;
for fixed open, bounded base set Q C RY.
o additional technical conditions (almost always satisfied in practice).

Choose a regular partition of unity ® = (¢;);., subordinate to Q.
0 € CZ(Qi), Xic/ @i =1 and some other technical condition.

Choose a O-moderate weight w = (w;);.;, i.e., w; < C-w; if QiNQ; # 2.
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:
@ each Q; satisfies
Qi=TiQ+b;
for fixed open, bounded base set Q C RY.
o additional technical conditions (almost always satisfied in practice).

Choose a regular partition of unity ® = (¢;);., subordinate to Q.
¢ € CZ(Qi), Yicy 9 =1 and some other technical condition.

Choose a O-moderate weight w = (w;);.;, i.e., w; < C-w; if QiNQ; # 2.

For p,q € (0,], and g € R, define the decomposition space (quasi)-norm

||g||j)(Q7LP7£3V) = H (Wi' ||5t_1 (q)i 'g)HLp);e/ . € [0a°°]-

4

Here R is a suitable reservoir of distributions (think: R =8 (R)).
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Decomposition spaces

Consider structured admissible covering Q = (Q;);; of RY. This means:
@ each Q; satisfies
Qi=TiQ+b;
for fixed open, bounded base set Q C RY.
o additional technical conditions (almost always satisfied in practice).

Choose a regular partition of unity ® = (¢;);., subordinate to Q.
¢ € CZ(Qi), Yicy 9 =1 and some other technical condition.

Choose a Q-moderate weight w = (w;) e, w<C-wjif QNQ; #@.

iel

For p,q € (0,], and g € R, define the decomposition space (quasi)-norm

||g||j)(Q7LP7£3V) = H (Wi' ||5t_1 (q)i 'g)HLp);e/ . € [0a°°]-

4

The decomposition space determined by Q,p,q,w is

D(Q,LP,4]) ={g e fR| ||g||1)(Q,Lp,z;7v) <o}

Here R is a suitable reservoir of distributions (think: R =8 (R)).
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Structured Banach frame decompositions: General questions

Hope: If  is nice, then (®) = (yli:kid]) g4 is @ BFD for D (Q, LP,(7,), where

iel,ke

’)/[i’k;él = |det T,'|% 'LS-TI._Tk |:Mb,- (’}/O T,-T)] .
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Structured Banach frame decompositions: General questions

Hope: If  is nice, then (®) = (yli:kid]) g4 is @ BFD for D (Q, LP,(7,), where

iel,ke

PR8l — |det T,~|% -LS.TI__Tk [Mb,. (’}/o T,-T)] .

. . . d
Question: What is the associated sequence space C'9 < C/*%2%7?
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Structured Banach frame decompositions: General questions

Hope: If yis nice, then (9 = (yl"kidl)._ is a BFD for D (Q,LP,¢},), where

PR8l — |det T,-|% -LS.TI__Tk [Mb,. (’}/o T,-T)] .

. . . d
Question: What is the associated sequence space C'9 < C/*%2%7?

Answer: Ch7= {c ez . lellcpa < 00}. where

(|det T,-|%_% W H(C;Ei))kezd ||zp)

) H
C : d = 0
H( k ):el,keZ ce 9

icl
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Structured Banach frame decompositions: General questions

Hope: If yis nice, then (9 = (yl"kidl)._ is a BFD for D (Q,LP,¢},), where

PR8l — |det T,-|% -LE.TI__Tk [Mb,. (’}/o T,-T)] .

. . . d
Question: What is the associated sequence space C'9 < C/*%2%7?

Answer: Ch7= {c ez . lellcpa < 00}. where

(|det T,-|%_% W H(C;Ei))kezd ||zp)

() H
C : d = 0
H( k ):el,keZ cpa 9

icl

Question: In what sense does ¥ have to be “nice"?
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Structured Banach frame decompositions: General questions

Hope: If yis nice, then (9 = (yl"kidl)._ is a BFD for D (Q,LP,¢},), where

Pk — |det Ti|% 'Ls-T;Tk {Mb,. (’}/o TiT)} i

o . . d
Question: What is the associated sequence space Co9 < C/*%%7?

Answer: Ch7= {c ez . llellcpa < °°}. where

(|det T,-|%_% W H(C;Ei))kezd ||ep)

() H
C : d = a
H( k ):el,keZ cpa 9

icl

Question: In what sense does ¥ have to be “nice"?

Note: Even for characterizing L?, the required “niceness’ depends heavily on Q:

@ For Gabor systems: Sufficient if ¥ belongs to the Wiener space.

o For wavelets, v has to have vanishing moments.
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Structured Banach frames — The theorem
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Structured Banach frames — The theorem

Theorem (FV; 2016)
Let w = (w;);c; be Q-moderate and let p,q € (0,0].

If

then there is &g >0, such that for 0 < & < &, the family (Lg -7, )//[\ﬁ)hk, with
&(x) = g(—x), forms a Banach frame for D (Q,LP, (%), with coeff. space C&°.
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Theorem (FV; 2016)

Let w = (w;);c,; be Q-moderate and let p,q € (0,e0]. There are N € N and
0,7 >0 (only depending on p,q,d) with the following property:

If

then there is &g > 0, such that for 0 < & < &, the family (Lg -7, )//[\ﬁ)hk, with
&(x) = g(—x), forms a Banach frame for D (Q,LP, (%), with coeff. space C&°.
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Structured Banach frames — The theorem

Theorem (FV; 2016)

Let w = (w;);c,; be Q-moderate and let p,q € (0,e]. There are N € N and
0,7 >0 (only depending on p,q,d) with the following property:

Ifye C2(RY) with 7(E) #0 for all £ € Q,

then there is &g >0, such that for 0 < & < &, the family (Lg -7, ;’[\ﬁ)i,k' with
&(x) = g(—x), forms a Banach frame for D (Q,LP, (%), with coeff. space C&°.
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Structured Banach frames — The theorem

Theorem (FV; 2016)

Let w = (w;);c,; be Q-moderate and let p,q € (0,e]. There are N € N and
0,7 >0 (only depending on p,q,d) with the following property:

Ifye CL(RY) with 7(&) #0 for all £ € Q, and if
sup Y Mji<eo and sup ) M;; <o,

i€l jer Jel jel
with

e (It A(e-m)ee)

then there is &g > 0, such that for 0 < & < &, the family (Lg -7, ;’[\ﬁ)i,k' with
&(x) = g(—x), forms a Banach frame for D (Q,LP, (%), with coeff. space C&°.

T
)
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Structured Banach frames — The theorem

Theorem (FV; 2016)

Let w = (w;);c,; be Q-moderate and let p,q € (0,e]. There are N € N and
0,7 >0 (only depending on p,q,d) with the following property:

Ifye C2(RY) with 7(£) #0 for all £ € Q, and if
sup Z M <e and sup Z M; i < oo,
il jel Jjel iel

with

Wi K _
M= (1) @41 (@2
Wi Qi |B|<1

then there is 8o > 0, such that for 0 < 6 < &, the family (Lg -1, ;[\ﬁ)i,k' with
&(x) = g(—x), forms a Banach frame for D (Q,LP, (%), with coeff. space C&°.

T
)

[0°Py] (T2 (6 - 1) | dé)
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Structured atomic decompositions
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Structured atomic decompositions

Theorem (FV; 2016)

Under sim_i/ar conditions on y as before, there is some 8y > 0 such that the family
@) = (ylikdl) . is an atomic decomposition of D (Q, LP,¢Y,), with coefficient

space CL9, if § € (0,80].
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New proofs of classical results
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New proofs of classical results

Corollary
For Besov spaces Bf*7 (R9):

@ “Horrible condition” ~~ smoothness + localization + vanishing moments.

o Structured system ~» Wavelet system.
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Corollary
For Besov spaces Bf*7 (R9):

@ "Horrible condition” ~~ smoothness + localization + vanishing moments.
o Structured system ~» Wavelet system.
o Precisely: Suffices to have
& _ . d+e
7@ S g min{L1gle}  or fo < [ EEES),
with
» Ly > s to get Banach frames,
> Ly > (p_1 = 1) L d —s to get atomic decompositions.
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New proofs of classical results

Corollary
For Besov spaces Bf*7 (R9):

@ “Horrible condition” ~~ smoothness + localization + vanishing moments.
o Structured system ~» Wavelet system.
o Precisely: Suffices to have
& - . d+e¢
7@ S g min{L1gle}  or fo < [ EEES),
with
» L > s to get Banach frames,
> Ly > (p_1 = 1)+ -d —s to get atomic decompositions.

Theorem (FV; 2016)
For a.-modulation spaces Mg (RY):
@ “Horrible condition” ~ smoothness + localization.

o Structured system: Nice structured system (for oo = 0: Gabor system).
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Shearlet smoothness spaces

This is joint work with Anne Pein




Shearlet smoothness spaces

The shearlet covering The spaces .79 (R?) =D (8, LP, (] ;) are called
§=(TiQ+bi)c: shearlet smoothness spaces (Labate, Mantovani, Negi; 2013).
& B The weight w is chosen such that w; ~ 14 || for & € Q;.
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Shearlet smoothness spaces

The shearlet covering
§=(TiQ+bi);c:
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The spaces .79 (R?) =D (8, LP, (] ;) are called
shearlet smoothness spaces (Labate, Mantovani, Negi; 2013).
The weight w is chosen such that w; ~ 14 || for & € Q;.

Observation: Structured family generated by v is a
cone-adapted shearlet system (cuo, Labate, Kutyniok; 2006):

v (W[i,kﬁ]) = SH (M (wo TJ ), w; 8).
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Shearlet smoothness spaces

The shearlet covering
§=(TiQ+bi);c:
&

WA

I\

il

] { ——G1
= b —

Theorem (Pein, FV; 2017)

Let po,qo € (0,1] and sp > 0. There are N1, N> € N such that if yq,y» € ch (R)
and ¥ = y1 @ y» with

then there is 8y > 0, such that W) js a Banach frame and an atomic
decomposition for 7 (R?) for all p> po, 9> qo, |s| < so, and 0 < & < &.

The spaces .79 (R?) =D (8, LP, (] ;) are called
shearlet smoothness spaces (Labate, Mantovani, Negi; 2013).
The weight w is chosen such that w; ~ 1+ €| for & € Q;.

Observation: Structured family generated by v is a
cone-adapted shearlet system (cuo, Labate, Kutyniok; 2006):

v (W[i,kﬁ]) = SH (M (wo TJ ), w; 8).

il kez?




Application: Approximation of cartoon-like functions

We consider C? cartoon-like functions f € €2:

(image courtesy of Gitta Kutyniok)
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Application: Approximation of cartoon-like functions

We consider C? cartoon-like functions f € €2:

(image courtesy of Gitta Kutyniok)

Previously known (cuo, Labate, Lim, Kutyniok <t al.): If Y is a nice mother shearlet, then
o the analysis coefficients of f w.r.t. SH(y;8) are (P-summable for p > 2.
@ For suitable linear combination fjy of N elements of the dual shearlet frame:
If —fiull 2 < Cop- N1 (1+In N)*/2.
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Application: Approximation of cartoon-like functions

We consider C? cartoon-like functions f € €2:

(image courtesy of Gitta Kutyniok)

Previously known (cuo, Labate, Lim, Kutyniok <t al.): If Y is a nice mother shearlet, then
e the analysis coefficients of f w.r.t. SH(y;8) are (P-summable for p > 2.
@ For suitable linear combination fjy of N elements of the dual shearlet frame:
If —fiull 2 < Cop- N1 (1+In N)*/2.

New result (Pein, FV; 2017)
For suitable linear comb. gy of N elements of the shearlet frame SH(y;6):

If —gnll2 < Cesy N8 Vee(0,1) and NN,
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Conclusion

In this talk:

@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the

Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.
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@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the
Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.

@ We recover known results about wavelet (and Gabor) frames.
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Conclusion

In this talk:

@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the
Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.

@ We recover known results about wavelet (and Gabor) frames.

@ Novel results for cone-adapted shearlets (and o-modulation spaces).
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Conclusion

In this talk:

@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the
Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.

@ We recover known results about wavelet (and Gabor) frames.
@ Novel results for cone-adapted shearlets (and o-modulation spaces).

Also possible:
o Qi =TiQ!+bj, witheg. {Q/: i€} finite ~ finitely generated frames.
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Conclusion

In this talk:

@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the
Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.

@ We recover known results about wavelet (and Gabor) frames.
@ Novel results for cone-adapted shearlets (and o-modulation spaces).

Also possible:
o Qi =TiQ!+bj, witheg. {Q/: i€} finite ~ finitely generated frames.

Future work:

o Apply general framework to other cases (e.g.: anisotropic Besov spaces,
spaces related to wave packets, ...).
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Conclusion

In this talk:

@ We presented a framework for constructing structured, singly generated,
(possibly) compactly supported Banach frame decompositions for the
Besov-type decomposition spaces D (Q, LP, ¢}, ), where Q = (T;Q+ b;),,.

@ We recover known results about wavelet (and Gabor) frames.
@ Novel results for cone-adapted shearlets (and o-modulation spaces).

Also possible:
o Qi =TiQ!+bj, witheg. {Q/: i€} finite ~ finitely generated frames.

Future work:

o Apply general framework to other cases (e.g.: anisotropic Besov spaces,
spaces related to wave packets, ...).

@ Extend the framework to the case of Triebel-Lizorkin type spaces.
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Thank you!

Questions, comments, counterexamples?
®
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