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Introduction

Theorem - Sobolev embeddings

. I n
let —co<s1<sp<oo and O0<pyg<pr<oo with sg—— =5 ——.
Do P1

(i) 0 < qo <q1 < oo, then
Bpg.a0(R™) = Byl g, (RY).
(i) 1f0 < go,q1 < ocoandp; < oo, then

Fpg,a0 (R™) = Fpj gy (RT).
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Fpg,a0 R™) = Fpl g, (RT).

> Fsg,q(Rn) — szf,m (Rn) = B;i,Pl (Rn)

= These results are not optimal!

> ngapo R™) = F;([J),Po (R™) < Flfll,q(]Rn)
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B ‘ Introduction

TECHNISCHE UNIVERSITAT
CHEMNITZ

(Ja77) B. Jawerth, Some observations on Besov and Triebel-Lizorkin spaces.
Math. Scand., 40, no. 1,94-104 (1977).

o n n
Let —co < s1 < sp < ccand0 < po < p1 < coWithsg — — =51 — —
Po p1

and 0 < ¢ < oo. Then

Fpg,q(R™) = Byl po (R™).
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o n n
Let —co < s1 < sp < ccand0 < po < p1 < coWithsg — — =51 — —
Po p1

and 0 < ¢ < oo. Then

Fpg,q(R™) = Byl po (R™).

(Fr86) J. Franke, On the spaces F;, of Triebel-Lizorkin type: pointwise multipliers and spaces on domains.
Math. Nachr., 125, 29-68 (1986).

If, additionally, p1 < oo, then

Byg oy (R") = i o (R).
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1. reduction to embeddings of corresponding sequence spaces:

EN) S1 S0 S1
po,q - bP11P0 and bpo,pl - fpl »q

2. use of duality and non-increasing rearrangements theory

> (GKV) H.F.Gongalves, H. Kempka, J. Vybiral, Franke-Jawerth embeddings for Besov and
Triebel-Lizorkin spaces with variable exponents.
Ann. Acad. Sci. Fenn. Math., 43, 1-23 (2018).

A new proof for the Franke embedding: avoiding interpolation as well as duality
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Variable Lebesgue space

Class of variable exponents

> PR") = {p: R™ — (0, co] mesurable, bounded away from 0}
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Function spaces with variable exponents

Variable Lebesgue space

Class of variable exponents
> PR") = {p: R™ — (0, co] mesurable, bounded away from 0}
> RZ :={z € R" : p(z) = oo}

> p~ :=essinfp(z) and p' :=esssupp(z)
TERM rER™
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Function spaces with variable exponents

Variable Lebesgue space

Class of variable exponents
> PR") = {p: R™ — (0, co] mesurable, bounded away from 0}
> RZ, = {o € R" : p(a) = oo}
> p o= ezsgﬂig}fp(x) and pT := esssupp(z)

TER™

Definition
Forp € P(R™), we define the modular

()= [ 15@)P@do+ esssup| (o)

R7\RZ,
and the variable exponent Lebesgue space L,,.) (R™) by

Ly (R™) = {f : R" = C| gp(.) (£/A) < oo, forsome X > 0} .
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Function spaces with variable exponents
Variable Lebesgue space

Theorem

Forp € P(R™), the space L,,.,(R"™) is a quasi-Banach space with the Luxembourg norm

17 | LpeyR™)|| :=inf {X > 0: gy (F/A) <1}
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Forp € P(R™), the space L,,.,(R"™) is a quasi-Banach space with the Luxembourg norm

17 | LpeyR™)|| :=inf {X > 0: gy (F/A) <1}

(KR91) 0. Kovééik and J. Rakosnik, On spaces LP(*) and W k-p(@).
Czechoslovak Math. J., 40(116), no. 4, 592-618 (1991).
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Function spaces with variable exponents

Genrz | Definition

Regularity conditions

Definition

Letg € C(R™).
(i) gis locally log-Hélder continuous, g € C'°8 (R™) if

loc

Clog

|<— 18 vz yeR™
log(e +1/|z — yl)

EIClog >0: |g(£13) - g(y)

(i) gis globally log-Hélder continuous, g € C'°8(R™) if g € C°8(R™) and

loc

Clog n
3goo ER: o] < — B vp e R™
g0 €39S gty
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TECHNISCHE

Genrz | Definition

Regularity conditions

Definition
Letg € C(R™).
(i) gis locally log-Hélder continuous, g € C'°8 (R™) if

loc
Clog n
dejoe > 0 : ) — < —=—— Vz,y e R™.
= 9@ —9W)l < S ey Yo
(i) g is globally log-Hélder continuous, g € C°8(R™) if g € Cllgcg(R") and
Jgoo ER:  |g(@) — gool < ——%E__ vz € R™.
log(e + |z[)

> Pls(R") := {pc P(R") : 1/p € C5(R")}
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Function spaces with variable exponents

Definition

Smooth dyadic resolution of unity

> Letpg € S(R™):

() wole)=1ifle| <1
(i) supppo C {z € R" : |o] < 2}
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Definition

Smooth dyadic resolution of unity

> Letpg € S(R™):

() wole)=1ifle| <1
(i) supppo C {z € R" : |o] < 2}

> Wedefine p(z) := po(z) — po(2z) and ¢, (z) := (279 x),Vj € N. Then,

pj(z)=1 forallz € R™.

T

0

J
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Function spaces with variable exponents

Definition

Smooth dyadic resolution of unity

> Letpg € S(R™):

() wole)=1ifle| <1
(i) supppo C {z € R" : |o] < 2}

> Wedefine p(z) := po(z) — po(2z) and ¢, (z) := (279 x),Vj € N. Then,

T

pj(z)=1 forallz € R™.
0

J

The sequence (¢;);en, forms a smooth dyadic resolution of unity.
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Function spaces with variable exponents
Definition

1)semo | Loy Eay @D = || (S 15019) | Ly )|
j=0
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Function spaces with variable exponents
Definition

1)semo | Loy Eay @D = || (S 15019) | Ly )|

Jj=0

(AH10) A. Almeida, P. Hastd, Besov spaces with variable smoothness and integrability.
J. Funct. Anal., 258, no. 5, 1628-1655 (2010).

oo
) by
Modular: Qeq(.)(Lp(.))((f]')jeNO) = E 1nf{>\]‘ >0: Qp()()\T‘JI()) < 1}
j=0 7
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o0

. i
Modular: Qeq(.)(Lp(.))((f]')jeNO) = me {)\] >0: Qp(.) (}\1/;()) S 1}
3=0 5
o fi
Nom:—(f3)semi | 4o (Lpty BRI =it {> 0 00,2, (1) <1
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Function spaces with variable exponents
Definition

1)semo | Loy Eay @D = || (S 15019) | Ly )|

(AH10) A. Almeida, P. Hastd, Besov spaces with variable smoothness and integrability.
J. Funct. Anal., 258, no. 5, 1628-1655 (2010).

o0

_ . fi
Modular: Qeq(.)(Lp(.))((f]')jeNO) S Zlnf{A]‘ >0: Qp()()\T‘JI()) < 1}
=0 j
o 5
Norm:  I(f)seno | L (Lp(y RN =inf {u> 05 00, (1) (;f) <1}
Forg™ <oor  on, () ((Fi)ieno) Z 11721700 1 Loy @)
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Function spaces with variable exponents
Definition

Let s € CI°%(R™) and p, g € P°(R™). Then B\")  (R™) s the collection of all f € S’(R™) such

loc

p(-),q(")
that

£ 18583 10y ®)le = || 2950 (05DY) jeng e Ep(y R < 0.
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Function spaces with variable exponents

TECHNISCHE

Genrz | Definition

Definition
Let s € C\°%(R™) and p, ¢ € P'°5(R™). Then Bsg g o(-(R™) is the collection of all f € S’(R™) such
that

151 B2E3 iy ®lle = [| (2950 (05DY) s | faty Loy ®)]| < o0

Definition

Let s € C\°%5(R™), p, q € P18(R™) with p*, g < co. Then e o ) o( (R™) is the collection of all
f € S’(R™) such that

-~

1F 1ESSS o0y @l = || (2750 (05 V) jem | Lot Loty ®)|| < 0.
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Function spaces with variable exponents

Properties

> Independence of the chosen resolution of unity (¢;)en,
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Sobolev embedding results

» Pointwise multipliers assertion
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Function spaces with variable exponents

Properties

»> Independence of the chosen resolution of unity (;) jen,

» Characterizations by smooth and non-smooth atoms, local means, molecules, ...
> Sobolev embedding results

» Pointwise multipliers assertion

> Trace results
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3. Franke-Jawerth embeddings
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Franke-Jawerth embeddings

Genrz - | Auxiliar results

Decomposition of function spaces

Represent functions as linear combination of basic functions

oo
s(+) 7 —
FEA0OB) = f=3 3 Amavm
v=0mezn
where...
Avm  ~  elements of the sequence space a

&

() n
o900 B )

avm ~ building blocks (we chose atoms).
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Franke-Jawerth embeddings

Genrz - | Auxiliar results

Decomposition of function spaces

Represent functions as linear combination of basic functions

[e o)
‘() 7 —
FEAD B = f=3 3 Amam

v=0mezn
where...
o s(+) n
Avm elements of the sequence space Wiy al) (R™)
avm ~ building blocks (we chose atoms).
Moreover,

IF 1A R~ inf X[ as() (R
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Franke-Jawerth embeddings

Auxiliar results

Sobolev embedding

Theorem [aH10]

Let po, p1,q € P°8(R™) and sq, 51 € Cllgf(R”). Let so(x) > s1(x) and po(x) < p1(z) forall
x € R™ with

n n "
so(m)—m:sl(x)—m, z € R".

Then we have

s0(-) n s1(+) n
B IR ) R O s R
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Franke-Jawerth embeddings

Main results

Jawerth embedding - sequence spaces

Theorem
Let po, p1,q € PE(R™) with po < ooand sg, s1 € Clog(]R”) Let

wieann(so(w) —s1(z)) >0 with so(z) — P (a:) = s1(z) — @)’ z € R™.
Then e .
so (- n S1(- n
Foota() B = 80 (3,50 R
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Franke-Jawerth embeddings

Main results
The proof |
Conditi
Jinf (so(2) —s1() >0 with  so(a) - Iﬁ =s1(z) — ML@), zER"
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Franke-Jawerth embeddings

Main results
The proof |
Conditions
Jinf (so(2) —s1() >0 with  so(a) - Iﬁ =s1(z) — ML@), zER"

1. Let

¢ == inf (so(z) — s1(z)) = inf n( LI >>0

rER™ rER™ PO (:c) 1 (x)
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Franke-Jawerth embeddings

Main results

The proof |

with so(x)fmzsl(m)fm, z €R"

zien]Rf"(so(x) —s1(x)) >0

1. Let 1 !
¢ = Jof (so(z) —s1(x)) = inf n (po(fv) o (x)> .
Then, ( )
piz) . _ T ! - . 73/
@ =P )(Po(x) pl(w) S

http://www.tu-chemnitz.de/
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Franke-Jawerth embeddings

Main results

The proof |

with so(x)fpoi(x)zsl(m)fpli(w), z €R"

zien]Rf"(so(x) —s1(x)) >0

1. Let 1 !
¢ = Jof (so(z) —s1(x)) = inf n (po(fv) o (x)> .
Then, ( )
piz) . _ T ! - . 73/
@ =P )(Po(x) pl(w) S

al
F0r5=p;? > 0 we get
n

po(z) < (14 ¢)po(x) < pi(x), forallz € R™.
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Franke-Jawerth embeddings

Main results

The proof Il

fSO(‘) (Rn) N bsl(') (Rn)

Po(+),q(") P1(),p0(-)

2. By a Sobolev embedding, we have

§(> n 51(‘) n
b1+ e)p0 (1m0 () B™) = by (9o () (R

with

_n " n
pi(z)  (1+€)po(e)

5(z) = s1(x)
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Franke-Jawerth embeddings

Main results

The proof Il

fSO(‘) (Rn) N bsl(') (Rn)

Po(+),q(") P1(),p0(-)

2. By a Sobolev embedding, we have

§(> n 51(‘) n
b1 te1p0 ()0 () B™) 7 By () po () R
with
5(z) = s1(x) n i = so(z) — n + o ,x €R"

T 0rom@ po@ T 1+ e)po(a)
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Franke-Jawerth embeddings

Main results

The proof Il

fSO(‘) (Rn) N bsl(') (Rn)

Po(+),q(") P1(-),p0 ()

2. By a Sobolev embedding, we have

§(> n 51(‘) n
b1 te1p0 ()0 () B™) 7 By () po () R
with
5(z) = s1(x) n n = so(z) — n + o ,x €R"

T 0rom@ po@ T 1+ e)po(a)

3. Elementary embedding: f;g((:)) oy B = f;g((:)) o (R™)
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Franke-Jawerth embeddings

Main results

The proof llI

Aim Il

s0(+) n s0(+) n
Fr0(2,a() B 2 Fop,00(R™)
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Franke-Jawerth embeddings

Main results

The proof llI

) 51(') n
R™) = b ()wo() B

fSO(') (Rn) s fSO(‘) (Rn) bg( )

el (o SOl

po(+),00
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Franke-Jawerth embeddings

Main results

The proof llI

fSO(') (Rn) s fSO(‘) (Rn) <y b5(> (Rn) N bsl(') (R")

Po(-),q(") Po(+),00 (1+€)po(-),po(-) P1(-),po (")
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Franke-Jawerth embeddings

Main results

The proof llI
Aim I
500)  mny ey p50()  (mny .. 50 o e1() n
) T e (R b O po s B

4. Lifting property:

00 mny L 450) n
Fo0(3,00 ®™) = 01103000 po () (BT
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Franke-Jawerth embeddings

Main results

The proof llI
Aim I
500)  mny ey p50()  (mny .. 50 o e1() n
) T e (R b O po s B

4. Lifting property:

00 mny L 450) n
Fo0(3,00 ®™) = 01103000 po () (BT

if, and only if,

so()—3() 0
Foolhoo ™) = b yp(y,po() (R

n n n

o _ €
where  so(z) — §(2) = Po(@) + (1+¢e)po(z) po(z) l+e

,z €R™
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Main results

The proof IV

Aim Il

G THE mom 0 =
Fonthoo R™) = 81te)p0(),p0() R™)
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Main results

The proof IV

Aim Il

G THE mom 0 =
Fonthoo R™) = 81te)p0(),p0() R™)

5. Equivalent to prove

I 5oy (o (o B < CIA | 200 T @,

for some constant C' > 0 and A = (X\j,,,)j,m. forj € No,m € Z"™.
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Franke-Jawerth embeddings

Main results

The proof IV

Aim Il

G THE mom 0 =
Fonthoo R™) = 81te)p0(),p0() R™)

5. Equivalent to prove

I 5oy (o (o B < CIA | 200 T @,

for some constant C' > 0 and A = (X\j,,,)j,m. forj € No,m € Z"™.

6. After calculations, we arrive to the constant exponent case, which was already proved.
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Franke-Jawerth embeddings

Main results

The proof IV

Aim Il

G THE mom 0 =
Fonthoo R™) = 81te)p0(),p0() R™)

5. Equivalent to prove

1M 1001423000000 B < CHIA | £720 75 &M

for some constant C' > 0 and A = (X\j,,,)j,m. forj € No,m € Z"™.

6. After calculations, we arrive to the constant exponent case, which was already proved.

Remark
S 1 .
For p € Pog(R™),itholds 2°P(®) ~ 272G | for |z — y| < c277.
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Jawerth embedding - function spaces

Corollary

Let po, p1,q € PE(R™) withpd, ¢ < oo and so, 51 € Cllgcg(R"). Let

s1(z) — L zeRrR™

(so(z) —s1(z)) >0 with sp(x) ,
p1(z)

n
inf - —— =
zER™ ()(m)

Then

s0(-) n s1(-) n
Fpo(~),¢1(~)(R )(—>Bm(~)mo(~)(R ).
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Franke embedding

L E
Let po, p1,q € P8(R™) with pir < oo and sg, 51 € C’log(]R”). Let

loc

mienﬂgn(SO(x) —s1(z)) >0 with so(z) — 0@ = s1(z) — @)’ z € R™.

Then

SO(') n S1(') n
i ) B ) e (e
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Main results

Franke embedding

Theorem
Let po, p1,q € P8(R™) with pir < oo and sg, 51 € C’llgcg(R"). Let
n
inf - 0 with - _= - R™.
mlean(So(x) s1(z)) >0 with so(z) 70@) s1(x) @ x €

Then o o

sol- n s1(- n

Bp0 ()1 () BT) 2 Fp (1,009 (RY):

Corollary

Under the same conditions as before and ¢ < oo, it holds

s0() n 90 mn
Bro (o (VB = Fp 1 (,0¢) RT).
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