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Introduction

Function spaces of generalized smoothness are useful to get the complete
solution of some natural questions such as compactness of limiting
embeddings, fractal analysis and a related spectral theory, probability
theory and the theory of stochastic processes.

Ź M.L. Gol’dman, Trudy Mat. Inst. Steklov 156 (1980), 47 – 81.

Ź G.A. Kalyabin, P.I. Lizorkin, Math. Nachr. 133 (1987), 7 – 32.

Ź H. Triebel, Birkhäuser, Basel, 2001.

Ź W. Farkas, H.-G. Leopold, Ann. Mat. Pura Appl. 185 (2006) 1–62.

Assume f PW
1`d{p
p pRdq, 1 ă p ă 8. Then, for all x , y P Rd with

|x ´ y | ă 1{2,

|f pxq ´ f pyq| ď c |x ´ y || log |x ´ y ||1{p
1

}f }
W

1`d{p
p pRd q

.

Ź H. Brézis, S. Wainger, Comm. Part. Diff. Equ. 5 (1980), 773 – 789.
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Fourier-analytical approach
Let 1 ă p ă 8, 0 ă q ď 8 and ´8 ă s, b ă 8. The Besov space
Bs,b
p,qpRdq is the collection of all f P S 1pRdq for which

}f }Bs,b
p,qpRd q

“

˜

8
ÿ

j“0

p2jsp1` jqb}pϕj
pf q_}LppRd qq

q

¸1{q

ă 8.

Here, tϕju
8
j“0 denotes a smooth dyadic resolution of unity,

ř8

j“0 ϕjpxq “ 1, x P Rd .
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The Sobolev space W s,b
p pRdq consists of all f P S 1pRdq such that

}f }W s,b
p pRd q

“ }pp1` |x |2qs{2p1` logp1` |x |2qqbpf q_}LppRd q ă 8.

If b “ 0 we get the fractional Sobolev spaces W s
p pRdq. In addition, if

s “ k P N0 “ NY t0u, then

}f }W k
p pRd q —

ÿ

|α|ďk

}Dαf }LppRd q.
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Differences

For k P N and h, x P Rd , we put

p∆1
hf qpxq “ f px ` hq ´ f pxq and ∆k`1

h f “ ∆1
hp∆

k
hf q.

The k-th order modulus of smoothness of f P LppRdq is given by

ωkpf , tqp “ sup
|h|ďt

}∆k
hf }LppRd q, t ą 0.

Assume that 0 ď s ă k P N. The Besov space Bs,b
p,qpRdq consists of all

f P LppRdq having finite quasi-norm

}f }Bs,b
p,qpRd q

“ }f }LppRd q `

ˆ
ż 1

0

pt´sp1´ log tqbωkpf , tqpq
q dt

t

˙1{q

.

If b “ 0 we recover the classical spaces Bs
p,qpRdq. If s “ 0 the case of

interest is when b ě ´1{q. Otherwise, B0,b
p,qpRdq “ LppRdq.
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Embeddings between Besov, Triebel-Lizorkin and Sobolev
spaces

‚ F - and W -spaces

Let us recall that

}f }F 0
p,2pRd q “

›

›

›

›

›

›

˜

8
ÿ

j“0

|pϕj
pf q_p¨q|2

¸1{2
›

›

›

›

›

›

LppRd q

— }f }LppRd q (Littlewood-Paley),

}f }F s,b
p,2 pRd q

— }f }W s,b
p pRd q

.

Ź H. Triebel, Birkhäuser, Basel, 1983.

‚ B- and B-spaces

Assume that s ą 0. Then,

Bs,b
p,qpRdq “ Bs,b

p,qpRdq.

Ź H. Triebel, Birkhäuser, Basel, 1983.

Ź G.A. Kalyabin, P.I. Lizorkin, Math. Nachr. 133 (1987), 7 – 32.
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Ź H. Triebel, Birkhäuser, Basel, 1983.

Ź G.A. Kalyabin, P.I. Lizorkin, Math. Nachr. 133 (1987), 7 – 32.



Embeddings between Besov, Triebel-Lizorkin and Sobolev
spaces

Assume that s “ 0.

Then,

B0,b
p,qpRdq ‰ B0,b

p,qpRdq.

Ź W. Sickel, H. Triebel, Z. Anal. Anwendungen 14 (1995), 105 –140.

Ź A.M. Caetano, H.-G. Leopold, J. Funct. Anal. 264 (2013), 2676 –
2703.
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Embeddings between Besov, Triebel-Lizorkin and Sobolev
spaces

Assume that s “ 0. Then,

B0,b
p,qpRdq ‰ B0,b

p,qpRdq.

Different approaches to introduce Besov spaces of smoothness zero were
already discussed by Nikolskĭı, Lions y Lizorkin.

Ź S.M. Nikolskĭı, J.-L. Lions, P.I. Lizorkin, Ann. Scuola Norm. Sup. Pisa
19 (1965), 127 – 178.

The spaces B0,b
p,qpRdq play an important role in the theory of singular

integrals.

Ź A.P. Calderón, M. Weiss, A. Zygmund, Proceedings of Symposia in
Pure Mathematics 10 (American Mathematical Society, Providence
1967), pp. 56–73.

More contributions „80’s

Ź R.A. DeVore, S.D. Riemenschneider, R.C. Sharpley, J. Funct. Anal. 33
(1979), 58–94.

Ź M.L. Gol’dman, Trudy Mat. Inst. Steklov 156 (1980), 47 – 81.
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The theory of Besov spaces B0,b
p,qpRdq is attracting a great interest in

recent times.

˛ Embedding theorems

Ź A. Seeger, W. Trebels, Arch. Math. 92 (2009), 147 – 157.

Ź J. Vyb́ıral, Proc. Amer. Math. Soc. 138 (2010), 141–146.

Ź A.M. Caetano, A. Gogatishvili, B. Opic, J. Approx. Theory 163
(2011), 1373–1399.

Ź H. Triebel, Report, Jena, 2012.

Ź O.V. Besov, Math. Notes 98 (2015), 550–560.

Ź O.V. Besov, Math. Notes 101 (2017), 608–618.

˛ Approximation theory

Ź B.S. Kashin, V.N. Temlyakov, J. Math. Sci. 155 (2008), 57 – 80.

Ź K. Runovski, H.-J. Schmeisser.

Ź F. Cobos, O. Doḿınguez, T. Kühn, Constr. Approx. (to appear).
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Ź F. Cobos, O. Doḿınguez, T. Kühn, Constr. Approx. (to appear).



The theory of Besov spaces B0,b
p,qpRdq is attracting a great interest in

recent times.

˛ Trace and extension theorems
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}f }F 0
p,2pRd q “

›

›

›

›

›

›

˜

8
ÿ

ν“0

|pϕν pf q
_p¨q|2

¸1{2
›

›

›

›

›

›

LppRd q

— }f }LppRd q (Littlewood-Paley).

Assume that s “ 0. Then,

}f }B0,b
p,qpRd q

ffi }f }B0,b
p,q pRd q

“

˜

8
ÿ

j“0

p1` jqbq}pϕj
pf q_}q

LppRd q

¸1{q

.

If b ą ´1{q then

}f }B0,b
p,qpRd q

—

¨

˚

˝

8
ÿ

j“0

p1` jqbq

›

›

›

›

›

›

˜

8
ÿ

ν“j

|pϕν pf q
_p¨q|2

¸1{2
›

›

›

›

›

›

q

LppRd q

˛

‹

‚

1{q

.

Ź F. Cobos, O. Doḿınguez, H. Triebel, J. Funct. Anal. 270 (2016),
4386–4425.
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Assume that b ą ´1{q. Then we have

B0,b`1{mint2,p,qu
p,q pRdq ãÑ B0,b

p,qpRdq ãÑ B0,b`1{maxt2,p,qu
p,q pRdq.

In particular, it holds that

B0,b
2,2pR

dq “ B
0,b`1{2
2,2 pRdq for b ą ´1{2.

Ź F. Cobos, O. Doḿınguez, J. Math. Anal. Appl. 425 (2015) 71–84.
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‚ F - and B-spaces

Let 1 ă p ă 8, 0 ă q, r ď 8 and ´8 ă s, b ă 8. The following
embeddings are well known

F s,b
p,r pRdq ãÑ Bs,b

p,qpRdq for q ě maxtp, ru.

Ź H. Triebel, Birkhäuser, Basel, 1983.
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Characterizations and embeddings theorems for general
monotone functions

There are many problems in analysis where monotonicity of a sequence or
a function plays a crucial role. For instance, convergence results for
Fourier series, weighted integrability of the Fourier transform and the
Paley-Wiener theorem on integrability of the function conjugate of an
odd one.

A complex-valued function ϕpzq, z ą 0, is said to be general monotone if
it is locally of bounded variation and there exists a constant C ą 1 such
that

ż 2z

z

|dϕpuq| ď C |ϕpzq|, z ą 0.

We denote by GM the class of all general monotone functions.

Ź S. Tikhonov, J. Math. Anal. Appl. 326 (2007), 721 – 735.

Ź E. Liflyand, S. Tikhonov, Math. Nachr. 284 (2011), 1083 – 1098.
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Fourier series, weighted integrability of the Fourier transform and the
Paley-Wiener theorem on integrability of the function conjugate of an
odd one.

A complex-valued function ϕpzq, z ą 0, is said to be general monotone if
it is locally of bounded variation and there exists a constant C ą 1 such
that

ż 2z

z

|dϕpuq| ď C |ϕpzq|, z ą 0.

We denote by GM the class of all general monotone functions.

EXAMPLES

‚ Decreasing functions.

‚ Quasi-monotone functions: t´αϕptq is non-increasing for some α ě 0.

‚ Increasing functions satisfying that ϕp2tq À ϕptq, t ą 0.



The Fourier transform of a radial function f pxq “ f0p|x |q, x P Rd , is also

radial pf pξq “ F0p|ξ|q where F0 is the Hankel-Fourier transform of f0.

We denote by yGM
d

the collection of all radial functions f such that F0 is
non-negative, F0 P GM and satisfies the condition

ż 1

0

td´1F0ptqdt `

ż 8

1

tpd´1q{2|dF0ptq| ă 8.

Hardy-Littlewood theorem for yGM
d

class: Assume that f P yGM
d

. Then,

}f }LppRd q —

ˆ
ż 8

0

F p
0 ptqt

dp´d´1dt

˙1{p

,
2d

d ` 1
ă p ă 8.

Ź D. Gorbachev, E. Liflyand, S. Tikhonov, J. Anal. Math. 114 (2011),
99–120.

PROBLEM: Characterizations of smoothness spaces in terms of the
growth properties of the Fourier transform.
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THEOREM (D., Tikhonov).- Let 2d
d`1 ă p ă 8 and 0 ă q ď 8. Let

f P yGM
d

.

(i) If s ą 0 and ´8 ă b ă 8, then

}f }Bs,b
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The Franke-Jawerth embedding for Besov and Sobolev spaces states that
if 1 ă p0 ă p ă p1 ă 8,´8 ă s1 ă s ă s0 ă 8 with

s0 ´
d

p0
“ s ´

d

p
“ s1 ´

d

p1

and ´8 ă b ă 8, then

Bs0,b
p0,ppR

dq ãÑW s,b
p pRdq ãÑ Bs1,b

p1,ppR
dq.

Ź B. Jawerth, Math. Scand. 40 (1977), 94 – 104.

Ź J. Franke, Math. Nachr. 125 (1986), 29 – 68.



Bs0,b
p0,ppR

dq ãÑW s,b
p pRdq ãÑ Bs1,b

p1,ppR
dq

For f P yGM
d

and τ ą 0, we put

Jf pτq “

ˆ
ż 1

0

tdτ´d´1F τ0 ptqdt

˙1{τ

.

THEOREM (D., Tikhonov).- Let
2d
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d
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d

p
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d

p1

and ´8 ă b ă 8. Let f P yGM
d

.
(i) If Jf pp0q ă 8 then

f P Bs0,b
p0,ppR

dq ðñ f PW s,b
p pRdq.

(ii) If Jf ppq ă 8 then

f PW s,b
p pRdq ðñ f P Bs1,b

p1,ppR
dq.

The conditions Jf pp0q ă 8 and Jf ppq ă 8 given in (i) and (ii),
respectively, are necessary.
We also obtain the corresponding result for Sobolev embeddings
Bs0,b
p0,qpR

dq ãÑ Bs1,b
p1,qpR

dq.



Bs0,b
p0,ppR

dq ãÑW s,b
p pRdq ãÑ Bs1,b

p1,ppR
dq

For f P yGM
d

and τ ą 0, we put

Jf pτq “

ˆ
ż 1

0

tdτ´d´1F τ0 ptqdt

˙1{τ

.

THEOREM (D., Tikhonov).- Let
2d
d`1 ă p0 ă p ă p1 ă 8,´8 ă s1 ă s ă s0 ă 8 with

s0 ´
d

p0
“ s ´

d

p
“ s1 ´

d

p1

and ´8 ă b ă 8. Let f P yGM
d

.
(i) If Jf pp0q ă 8 then

f P Bs0,b
p0,ppR

dq ðñ f PW s,b
p pRdq.

(ii) If Jf ppq ă 8 then

f PW s,b
p pRdq ðñ f P Bs1,b

p1,ppR
dq.

The conditions Jf pp0q ă 8 and Jf ppq ă 8 given in (i) and (ii),
respectively, are necessary.

We also obtain the corresponding result for Sobolev embeddings
Bs0,b
p0,qpR

dq ãÑ Bs1,b
p1,qpR

dq.



Bs0,b
p0,ppR

dq ãÑW s,b
p pRdq ãÑ Bs1,b

p1,ppR
dq

For f P yGM
d

and τ ą 0, we put

Jf pτq “

ˆ
ż 1

0

tdτ´d´1F τ0 ptqdt

˙1{τ

.

THEOREM (D., Tikhonov).- Let
2d
d`1 ă p0 ă p ă p1 ă 8,´8 ă s1 ă s ă s0 ă 8 with

s0 ´
d

p0
“ s ´

d

p
“ s1 ´

d

p1

and ´8 ă b ă 8. Let f P yGM
d

.
(i) If Jf pp0q ă 8 then

f P Bs0,b
p0,ppR

dq ðñ f PW s,b
p pRdq.

(ii) If Jf ppq ă 8 then

f PW s,b
p pRdq ðñ f P Bs1,b

p1,ppR
dq.

The conditions Jf pp0q ă 8 and Jf ppq ă 8 given in (i) and (ii),
respectively, are necessary.
We also obtain the corresponding result for Sobolev embeddings
Bs0,b
p0,qpR

dq ãÑ Bs1,b
p1,qpR

dq.



Relationships between function spaces with smoothness
near zero

q ě maxtp, 2u

B0,b
p,qpRdq

W
0,b` 1

q
p pRdq B

0,b` 1
mint2,pu

p,q pRdq

B
0,b` 1

q
p,q pRdq



Sharpness assertions

B0,b`1{mint2,p,qu
p,q pRdq ãÑ B0,b

p,qpRdq ãÑ B0,b`1{maxt2,p,qu
p,q pRdq, b ą ´1{q.

THEOREM (D., Tikhonov).- Let 2d
d`1 ă p ă 8, 1 ď q ď 8 and

b ą ´1{q. Then, for any ε ą 0 we have

B0,b`1{mint2,p,qu´ε
p,q pRdq ãÑ B0,b

p,qpRdq

and
B0,b
p,qpRdq ãÑ B0,b`1{maxt2,p,qu`ε

p,q pRdq.

THEOREM.- Let 2d
d`1 ă p ă 8, 0 ă q ď 8, b ą ´1{q and

´8 ă ξ ă 8. Then,

B0,b
p,qpRdq “ B0,ξ

p,qpRdq ðù p “ q “ 2 and ξ “ b `
1

2
.
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p,qpRdq ðñ p “ q “ 2 and ξ “ b `
1

2
.


	Introduction
	Characterizations and embeddings theorems for general monotone functions
	Relationships between function spaces with smoothness near zero
	Sharpness assertions

