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Assume f € W,,Hd/p(Rd), 1 < p < oo. Then, for all x,y € R? with
|x —y| <1/2,

() = F(¥)] < clx = ylllog [x = YI[VZ ]l s g

> H. Brézis, S. Wainger, Comm. Part. Diff. Equ. 5 (1980), 773 — 789.



Fourier-analytical approach

Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

o 1/q
11l gt ey = @A+ DPN@if) lpme))? | < 0.
P;fJ( )

P

Here, {¢;}7, denotes a smooth dyadic resolution of unity,
Zﬁo pj(x) =1,xeRY,



Fourier-analytical approach

Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

o 1/q
11l gt ey = @A+ DPN@if) lpme))? | < 0.
P;fJ( )

P

If b =0 we get the classical spaces B;q(Rd).



Fourier-analytical approach

Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

o 1/q
F 12y = (Z@m+j>b|<so,-f>V||Lp<Rd>>q> <.

P

The Triebel-Lizorkin space F32(R?) is the collection of all f € S'(RY) for
which

|f

- 1/q
Fet(Re) = @(21'-*7(1 +j>b|<go,-f>V(->|>q> <.

Ly (R9)



Fourier-analytical approach
Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

o 1/q
F 12y = (2(215(1+j>b|<so,-f>V||Lp<Rd>>q> <.

P

The Triebel-Lizorkin space F32(R?) is the collection of all f € S'(RY) for
which

|f

- 1/q
Fet(Re) = @(21’5(1 +j>b|<go,-f>%>|>q> <.

Ly (R9)

If b= 0 we get the classical spaces F  (R9).



Fourier-analytical approach
Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

9 1/q
11l gsie(ray = 2B+ )°1(2if) ¥ L, me)° < .
Ps‘J( )

=0

The Triebel-Lizorkin space F;:S(Rd) is the collection of all f € S’(R9) for
which

= 1/q
Il g = (Z(%(l +j>b|<sajf>V<->|>Q> <.
- Lo(R?)
The Sobolev space W5*(R¥) consists of all f € §'(R?) such that

1l ey = 102+ IxI2)2(1 + log (L + [x[2)°F) ¥ |1, me) < o0-



Fourier-analytical approach
Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

9 1/q
¥l 555ge) = (2(21%1+j>"|<sojf>V||Lp<Rd>>q> <o,

=0

The Triebel-Lizorkin space F;:S(Rd) is the collection of all f € S’(R9) for
which

= 1/q
Flezsme) = (Z(%’S(l +j>b|<saﬁ>V<->|>Q> <.
i=0

Ly (R)

The Sobolev space W5*(R¥) consists of all f € §'(R?) such that
1l ey = 102+ IxI2)2(1 + log (L + [x[2)°F) ¥ |1, me) < o0-

If b =0 we get the fractional Sobolev spaces W,f(]Rd).



Fourier-analytical approach
Let 1 < p<o0,0<g<ooand —0 <s,b< . The Besov space
Bs:2(R?) is the collection of all f € S'(R?) for which

9 1/q
¥l 555ge) = (2(21%1+j>"|<sojf>V||Lp<Rd>>q> <o,

=0

The Triebel-Lizorkin space F;:S(Rd) is the collection of all f € S’(R9) for
which

= 1/q
Il g = (Z(%(l +j>b|<sajf>V<->|>Q> <.
- Lp(RY)
The Sobolev space W5*(R¥) consists of all f € §'(R?) such that
1l ey = 102+ IxI2)2(1 + log (L + [x[2)°F) ¥ |1, me) < o0-

If b =0 we get the fractional Sobolev spaces W,f(]Rd). In addition, if
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Characterizations of IPB?;Z(R") in terms of wavelets, heat kernels,
harmonic extensions, ...
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Can these embeddings be improved if we restrict ourselves to some
important classes of functions?
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There are many problems in analysis where monotonicity of a sequence or
a function plays a crucial role. For instance, convergence results for
Fourier series, weighted integrability of the Fourier transform and the
Paley-Wiener theorem on integrability of the function conjugate of an
odd one.

A complex-valued function ¢(z),z > 0, is said to be general monotone if
it is locally of bounded variation and there exists a constant C > 1 such
that

J.Z|d<P(U)| < Cle(2)l, z>0.

z

We denote by GM the class of all general monotone functions.
EXAMPLES

e Decreasing functions.

e Quasi-monotone functions: t~“p(t) is non-increasing for some « = 0.

e Increasing functions satisfying that ¢(2t) < ¢(t),t > 0.



The Fourier transform of a radial function f(x) = fo(|x|), x € R9, is also
radial f(&) = Fo(|¢]) where Fy is the Hankel-Fourier transform of f;.



The Fourier transform of a radial function f(x) = fo(|x|), x € R9, is also
radial f(&) = Fo(|¢]) where Fq is the Hankel-Fourier transform of f;.

We denote by GM' the collection of all radial functions f such that Fo is
non-negative, Fo € GM and satisfies the condition
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The Fourier transform of a radial function f(x) = f(|x|), x € R9, is also
radial f(&) = Fo(|¢]) where Fq is the Hankel-Fourier transform of f;.

We denote by GM' the collection of all radial functions f such that Fo is
non-negative, Fo € GM and satisfies the condition

1 Q0
f t97 1Ry (t)dt + J t@=D721dF, (1)| < co.
0 1

—d —d
Hardy-Littlewood theorem for GM class: Assume that f € GM . Then,

0 1/p
Cd— 2d
I, ey = (L FP(t)toP—d 1dt> o g S

> D. Gorbachev, E. Liflyand, S. Tikhonov, J. Anal. Math. 114 (2011),
99-120.



The Fourier transform of a radial function f(x) = f(|x|), x € R9, is also
radial f(&) = Fo(|¢]) where Fq is the Hankel-Fourier transform of f;.

We denote by GM' the collection of all radial functions f such that Fo is
non-negative, Fo € GM and satisfies the condition

1 Q0
f t97 1Ry (t)dt + J t@=D721dF, (1)| < co.
0 1

——d g
Hardy-Littlewood theorem for GM class: Assume that f € GM . Then,
” doedea N 1P 2d
HfHLp(]Rd) = (L F(f(t)t == dt) s m < p < 0.

> D. Gorbachev, E. Liflyand, S. Tikhonov, J. Anal. Math. 114 (2011),
99-120.

PROBLEM: Characterizations of smoothness spaces in terms of the
growth properties of the Fourier transform.



THEOREM (D., Tikhonov).- Let dz—fl <p<owand0<qg<ow. Let
—d
feGM .
(i) If s> 0and —o0 < b < 0, then

1 1/p
”f”]BBf,',Z(]Rd) = (JO tdp_d_lFé’(t)dt)

o0 1/q
+ <f ts9+da—da/p=1(1 4 |og t)b"Fg’(t)dt> .
1



THEOREM (D., Tikhonov).- Let dz—fl <p<owand0<qg<ow. Let
—d
feGM .
(i) If s> 0and —o0 < b < 0, then

1 1/p
||f||Bf,’f7(]Rd) = (JO tdp_d_lFé’(t)dt)
o0 1/q
- <f ts9+da—da/p=1(1 4 |og t)b"Fg’(t)dt> .
1
(i) If s=0and b> —1/q, then
b dp—d
Hf”]Bg’,g(Rd) = <J0 tP— 1F§(t)dt>
© ) alp dt 1/q
+ (J (1+ log t)bq(J udp_d_lFé’(u)du) t) :
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THEOREM (D., Tikhonov).- Let dz—fl <p<owand0<qg<ow. Let
—d
feGM .
(i) If s> 0and —o0 < b < 0, then

1 1/p
”f”]BBf,',Z(]Rd) = (JO tdp_d_lFé’(t)dt)
o0 1/q
- <f ts9+da—da/p=1(1 4 |og t)b"Fg’(t)dt) .
1
(i) If s=0and b> —1/q, then
b dp—d
”f”B‘,ﬁ;Z(Rd) = <L tP— 1F§(t)dt>
© ) alp dt 1/q
+ (J (1+ log t)bq(J udp_d_lFé’(u)du) t) :
t

1

1/p

We need to introduce truncated Hardy-Littlewood constructions.

0 1/p
I, ®ey = <J udpleo(u)”du)
0



THEOREM (D., Tikhonov).- Let dz—fl <p<00,0<qg< o and

—d
—0 <s,b< . Let f e GM . Then

1
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0 1/q
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THEOREM (D., Tikhonov).- Let dz—fl <p<00,0<qg< o and

—d
—0 <s,b< . Let f e GM . Then

1
HfHB,i;‘;(Rd) = (L tdp—d—l F&(t)dt)

0 1/q
+ (J- tsatda—da/p=1(1 4 |og t)b"Fg(t)dt> .
1

1/p

and

1/p

1
Il = ( L pp=d-1p (1) dt)

0 1/p
+ <J tPTdP=d=1(1 | |og t)bPFg’(t)dt> .
1



We recall that if b> —1/g then

Bg:g+1/min{2,p,q} (Rd) N Bg:g(Rd) o Bg:g+1/max{2,p,q} (Rd).
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THEOREM (D., Tikhonov).- Let dz—j;’l <p<00,0<qg< o and
b> —1/q. Then
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We recall that if b > —1/q then

ngg+1/min{2,p,q}(Rd) T Bglg(Rd) as ngg+1/max{2,p,q} (Rd)

THEOREM (D., Tikhonov).- Let dz—fl <p<o0<qg<ooand
b> —1/q. Then

—d . —d —d
GM BYLHY/ mintp.ah(RY) s GM ABYE(RY) > GM A BY:oH maxteal(Rd),
In particular,

el 0,b+1 N _ il 0,b/md
GM ™ ~ BSXTP(RY) = GM™ A BYE(RY), b>—1/p.
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We recall that
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THEOREM (D., Tikhonov).- Let dz—fl <p<wand0<qg< 0.
(i) If —o <'s,b < o0 then
——d ——d
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(ii) If b> —1/q then
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fe GM such that f e Wy"*/97%(RY) but f ¢ BYS(RY).



We recall that
WP (R?) — BSE(RY) and WOETH9(RY) — BLE(RY) for g > max{p, 2}.
THEOREM (D., Tikhonov).- Let dz—fl <p<wand0<qg< 0.
(i) If —o <'s,b < o0 then
——d ——d
GM™ ~ WP (RY) — GM  n B2 (RY) for g > p.
(ii) If b> —1/q then
——d —~—d
GM™ ~ WOEHY4(R?) — GM ™ ~ B (RY) for g > p.

Moreover, this embedding is sharp: given any £ > 0 there exists
—d
fe GM such that f e Wy"*/97%(RY) but f ¢ BYS(RY).

COROLLARY (D., Tikhonov).- Let 2% < p < 0.
(i) If —o0 <'s,b < oo then

—d —d
GM™ ~ W3P(RY) = GM ™~ B32(RY).
(ii) If b> —1/p then

i 0,b+1 N _ Eol 0,b/md
GM™ ~ WOETP(RY) = GM™ A BYE(RY).



The Franke-Jawerth embedding for Besov and Sobolev spaces states that
ifl<py<p<p <00,—00<s8 <S§<5sy <00 with
d d d
Sg— — =5—— =585 — —
Po P P1

and —o0 < b < o, then

BSQ,b(Rd) s W;’b(Rd) s le’b(Rd).

Po,P P1,P

= B. Jawerth, Math. Scand. 40 (1977), 94 — 104.
> J. Franke, Math. Nachr. 125 (1986), 29 — 68.



BRA(RY) — Wb(RY) — BARY)

—d
For f € GM and 7 > 0, we put

Je (1) = (Ll th_d_lFOT(t)dt>

THEOREM (D., Tikhonov).- Let
AL <po<p<p1<0,—0<s <s<s <0 with
d d d

G==—=8==SG| ==
Po P P1
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and —o0 < b < . Letfegl\\/ld.
(i) If Jr(po) < oo then

so,b d s,b/md
feBYo(RY) < fe W;°RY).
(i) If Je(p) < co then
fe WoP(RY) «— fe BIE(RY).

P1,p
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—d
For f € GM and 7 > 0, we put

Je (1) = (Ll th_d_lFOT(t)dt>

THEOREM (D., Tikhonov).- Let
AL <po<p<p1<0,—0<s <s<s <0 with
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G==—=8==SG| ==
Po P P1
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——d
and —o0 < b < . Let f € GM .
(i) If Jr(po) < oo then
so,b d s,b/md
feBpg,p(R) = fe W, (RY).
(i) If Je(p) < co then
fe WoP(RY) «— fe BIE(RY).

The conditions Jr(pg) < o0 and Jr(p) < oo given in (i) and (ii),
respectively, are necessary.



Bp(RY) — W3P(RY) — B3hp(RY)

—d
For f € GM and 7 > 0, we put

Jo(r) = ( L 1 th—d_lFoT(t)dt>

THEOREM (D., Tikhonov).- Let
AL <po<p<p1<0,—0<s <s<s <0 with
d d d

G =—=8==3G ==
Po P P1

1/7

and —o0 < b < . Letfegl\\/ld.
(i) If Jr(po) < oo then

so,b d s,b/md
feBX(RY) «— fe WSP(RY).
(i) If Je(p) < co then
fe WoP(RY) «— fe BIE(RY).

P1,p
The conditions Jr(pg) < o0 and Jr(p) < oo given in (i) and (ii),
respectively, are necessary.
We also obtain the corresponding result for Sobolev embeddings
Bso,b(Rd) Y le’b(Rd).

Po.q P1.9



Relationships between function spaces with smoothness
near zero

q = max{p, 2}




Sharpness assertions

BSZZH/ min{2,p,q} (Rd) N ngﬁ(Rd) <> Bg;g*l/ maX{2,p,q}(Rd), b>—1/q.
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Sharpness assertions

BS:ZH/ min{2,p,q} (Rd) — Bg:g(Rd) FN Bg;g*l/ maX{2,p,q}(Rd)7 b>—1/q.

THEOREM (D., Tikhonov).- Let d+1 <p<w,1<qg<0ooand
b > —1/q. Then, for any ¢ > 0 we have

Bg:g+1/min{2’p’q}_€(Rd) Q‘_) Bglg(Rd)
and

Bg:g(Rd) 4> Bg:g+1/max{2’p’q}+E(Rd)-
THEOREM - Let d+1 <p<w,0<qg<ow,b>-1/qand
—00 < & < 0. Then,

1
Bgig<Rd) = Bg,’g(Rd) —=p=q=2 and {=b+ 5>



Sharpness assertions

BS:Z+1/ min{2,p,q} (Rd) SN Bg,’g(Rd) o BS:Z+1/ max{2,p,q}(Rd), b> —1/CI~
THEOREM (D., Tikhonov).- Let d+1 <p<w,1<qg<ooand
b > —1/q. Then, for any € > 0 we have
Bg:3+1/min{2,p,q}—e (Rd) Q‘_) Bglg(Rd)

and
Bg:g(Rd) (_l_) B,?,’gH/ max{2,p,q}+a(Rd)-

THEOREM (D., Tikhonov) Let
—00 < & < 0. Then,

d+1<p<oo,0<q<oo,b>—1/qand

1
Bg:g(Rd) = Bg:g(Rd) —p=qg=2 and £=b+ 5
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